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Main objective

Our aim is to investigate the (formal) operator
~A+V—ads in [3(R"),

where
@ V:R"” — R potential, bounded and measurable
@ ¥ compact hypersurface (boundary of bounded domain)
@ 4y delta-distribution supported on &
@ «: X — R strength of singular potential

This type of singular perturbations play an important role in
models in mathematical physics (e.g. leaky quantum graphs)
and are challenging from a mathematical perspective.

Problems/questions that arise in a mathematical treatement
are...
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How do we approach these problems ?

@ Symmetric and selfadjoint operators

@ (Quasi) boundary triples, ~-fields and Weyl functions
@ An example: Laplacian on smooth domain

@ A Krein type resolvent formula

@ Schrddinger operators with delta-interactions

e Selfadjointness and regularity
e Spectral theory
e Approximation by regular potentials

@ Some references

The techniques in the (main) abstract parts of this lecture
series apply to various spectral and boundary value problems,
among them first order systems, Dirac operators, higher order
ordinary and partial differential equations, infinite matrices...
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Symmetric and selfadjoint
operators
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Symmetric and selfadjoint operators

Definition (Adjoint operator)
Assume dom S is dense in . Then S* is defined as

dom S* := {g : 39’ such that(Sf, g) = (f,g') for all f € dom S}
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Assume dom S is dense in . Then S* is defined as

dom S* := {g : 39’ such that(Sf, g) = (f,g') for all f € dom S}

Assume dom S is dense in H. Then
@ S symmetric:< Sc S*

@ S selfadjoint . S = S*

\

J. Behrndt Schrodinger operators with singular interactions



Symmetric and selfadjoint operators
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Symmetric and selfadjoint operators

Definition (Adjoint operator)
Assume dom S is dense in . Then S* is defined as

dom S* := {g : 39’ such that(Sf, g) = (f,g') for all f € dom S}

Definition

Assume dom S is dense in H. Then
@ S symmetric:< Sc S*
@ S selfadjoint . S = S*

Lemma
Let S be a symmetric operator in # and A € C\ R. Then

| \

_ 1
I(S—A)"gll < TimA| lgll, — geran(S—A).
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Let S be a closed operator.

Definition

@ \cp(S) e (S—-N)"1eL(H)
@ Aea(S):e A& p(S)

C = o(S)Up(S)

Definition (Decomposition of o(S))
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Spectrum and resolvent set

Let S be a closed operator.

Definition

@ \cp(S) e (S—-N)"1eL(H)
@ Aea(S):e A& p(S)

C = o(S)Up(S)

Definition (Decomposition of o(S))

@ )\ €op(S) = ker(S— ) # {0}

@ A€ o(S):=ker(S—A)={0},ran (S—\) =H,
ran (S—\) #H

@ \eo(S):eker(S—N)={0}, ran(S—\)#H

C = a(S)Up(S) = 0p(S) Ue(S) U, (S) Up(S)
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Spectra of symmetric and selfadjoint operators

Proposition
Let S be a closed symmetric operator. Then

C\R C (6:(S)Up(S)) and (0p(S)Uae(S)) C R.
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Spectra of symmetric and selfadjoint operators

Proposition
Let S be a closed symmetric operator. Then

C\R C (6:(S)Up(S)) and (0p(S)Uae(S)) C R.

Let S be a selfadjoint operator. Then

C\RcCp(S) and o(S)cR and o(S)=0.

In particular, o(S) = op(S) U o¢(S).
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When is a symmetric operator selfadjoint ?
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When is a symmetric operator selfadjoint ?

Let S be a symmetric operator and assume that

ran (S—X\)=H =ran (S—\).

Then S is selfadjoint.

The next statement will be very useful later.

Let A be an operator such that p(A) # () and let A C T with
some operator T. Then

dom T = domA+ker (T — \), A € p(A).
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Selfadjoint extensions via von Neumann’s formula

von Neumann’s first formula
Let S be a closed symmetric operator. Then

dom S* = dom S-ker (S* — i)-+ker (S* + i)
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Selfadjoint extensions via von Neumann’s formula
von Neumann’s first formula

Let S be a closed symmetric operator. Then

dom S* = dom S-ker (S* — i)-+ker (S* + i)

von Neumann’s second formula

Let S be a closed symmetric operator. Then S admits
selfadjoint extensions in # if and only if

dimker (S* — i) = dimker (S* + /).
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Selfadjoint extensions via von Neumann’s formula
von Neumann’s first formula

Let S be a closed symmetric operator. Then
dom S* = dom S-ker (S* — i)-+ker (S* + i)

von Neumann’s second formula

Let S be a closed symmetric operator. Then S admits
selfadjoint extensions in # if and only if

dimker (S* — i) = dimker (S* + /).
In fact, the operator
Ayf = Sfs + ifi — iUf;, fs€domS, fj € ker(S* — )

is selfadjoint in  if and only if

U:ker(S*— i) — ker(S* + i) is unitary.
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(Quasi) boundary ftriples,
~-fields and Weyl functions
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Ordinary boundary triples

Let S be a closed symmetric operator in H.
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Ordinary boundary triples

Let S be a closed symmetric operator in H.
{G,To, 1} ordinary boundary triple (OBT) for S* if
@ G Hilbert space
@ [o,l{ :dom S* — G linear maps
@ Forall f,g € dom S*:

(S*F,9)u — (f,S*g)n = (T1f,Tog)g — (Fof,T1f)g
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Ordinary boundary triples

Let S be a closed symmetric operator in H.
{G,To, 1} ordinary boundary triple (OBT) for S* if
@ G Hilbert space
@ [o,l{ :dom S* — G linear maps
@ Forall f,g € dom S*:

(S*F,9)u — (f,S*g)n = (T1f,Tog)g — (Fof,T1f)g

o= <F°> :dom S* — G x G surjective
1
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Ordinary boundary triples

Let S be a closed symmetric operator in H.
{G,To, 1} ordinary boundary triple (OBT) for S* if
@ G Hilbert space
@ [o,l{ :dom S* — G linear maps
@ Forall f,g € dom S*:

(S*F,9)u — (f,S*g)n = (T1f,Tog)g — (Fof,T1f)g

o= <F°> :dom S* — G x G surjective
1

Examples: Sturm-Liouville operator in L2(0, 1) and L?(0, o)

J. Behrndt Schrodinger operators with singular interactions



Quasi boundary triples

Let S be a closed symmetric operator in #.
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Quasi boundary triples

Let S be a closed symmetric operator in #.

{G,To,T1} quasi boundary triple (QBT) for S* if
@ G Hilbert space

@ T linear operator such that T = S*
@ [p, Iy :dom T — G linear maps
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Quasi boundary triples

Let S be a closed symmetric operator in #.

{G,To,T1} quasi boundary triple (QBT) for S* if
@ G Hilbert space

@ T linear operator such that T = S*
@ [, :dom T — G linear maps
@ Forallf,gedomT:

(Tfag)H - (fv Tg)?‘[ = (r1 f7 rog)g - (rof’ r1 f)g
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Quasi boundary triples

Let S be a closed symmetric operator in #.

{G,To,T1} quasi boundary triple (QBT) for S* if
@ G Hilbert space

@ T linear operator such that T = S*
@ [, :dom T — G linear maps
@ Forallf,gedomT:

(Tfag)H - (fv Tg)?‘[ = (r1 f7 rog)g - (rof’ r1 f)g

o= <F0> :dom T — G x G dense range
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Quasi boundary triples

Let S be a closed symmetric operator in #.
{G,To,T1} quasi boundary triple (QBT) for S* if
G Hilbert space
T linear operator such that T = S*
o, :dom T — G linear maps
Forall f,g e dom T:

(Tfag)H - (fv Tg)?‘[ = (r1 f7 rog)g - (rof’ r1 f)g

(]
Il
O\
=1 T
- o

> :dom T — G x G dense range

(4
>
S
I
-

| ker g selfadjoint in H
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Quasi boundary triples

Let S be a closed symmetric operator in #.

{G,To,T1} quasi boundary triple (QBT) for S* if
@ G Hilbert space

@ T linear operator such that T = S*
@ [, :dom T — G linear maps
@ Forallf,gedomT:

(Tfag)H - (fv Tg)?‘[ = (r1 f7 rog)g - (r0f7 r1 f)g

o= <F0> :dom T — G x G dense range

@ Ay := T | kerl selfadjoint in H

Example: —A + V in L?(Q) leads to {L?(0Q),vp, —yn}
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Generalized boundary triples

{G, 0,1} generalized boundary triple (GBT) for S* if
G Hilbert space

T linear operator such that T = S*

o,y :dom T — G linear maps

Forall f,g e dom T:

(Tfag)H - (fv Tg)H = (r1 f, rog)g - (rof’ r1 f)g

[op:dom T — G onto
Ap ;=T | kerly selfadjoint in ‘H
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Generalized boundary triples

{G, 0,1} generalized boundary triple (GBT) for S* if
G Hilbert space

T linear operator such that T = S*

o,y :dom T — G linear maps

Forall f,g e dom T:

(Tfag)H - (fv Tg)H = (r1 f, rog)g - (rof’ r1 f)g

@ [g:domT — G onto
@ Ay := T | kerl selfadjoint in H

Note that
OBT c GBT c QBT
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How to find QBT and T
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How to find QBT and T

Assume that T is an operator in H

J. Behrndt Schrédinger operators with singular interactions



How to find QBT and T
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How to find QBT and T

Assume that T is an operator in H, G is a Hilbert space, and
[o,[1:dom T — G such that
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How to find QBT and T

Assume that T is an operator in H, G is a Hilbert space, and
[o,[1:dom T — G such that

@ T | kerlg is an extension of selfadjoint Ay in H
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How to find QBT and T

Assume that T is an operator in H, G is a Hilbert space, and
[o,[1:dom T — G such that

@ T | kerlg is an extension of selfadjoint Ag in H
® (Tf,g)u—(f, T9)n = (T1f,T09)g — (Tof,T1f)g, f,g € dom T
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How to find QBT and T

Assume that T is an operator in H, G is a Hilbert space, and
[o,[1:dom T — G such that

@ T | kerlg is an extension of selfadjoint Ag in H
o (Tf,9)n—(f, T9)n = (T1f,Tog)g — (Tof,[1f)g, f.g € dom T
o= (F?) : dom S* — G x G dense range
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How to find QBT and T

Assume that T is an operator in H, G is a Hilbert space, and
[o,[1:dom T — G such that

@ T | kerlg is an extension of selfadjoint Ag in H

@ (Tf,g)n—(f, Tg)n = (T1f,Tog)g — (Tof,T1f)g, f,g € dom T
o= (F?) : dom S* — G x G dense range

@ kerlgNkerly densein H
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How to find QBT and T

Assume that T is an operator in H, G is a Hilbert space, and
[o,[1:dom T — G such that

@ T | kerlg is an extension of selfadjoint Ay in H
@ (Tf,9)n —(f, Tg)n = (T'1f,Tog)g — (Fof,T1f)g, f,g € dom T
o I'=(°):domS* — G x g dense range
@ kerlgnkerly dense in H
Then
S:=T| (kerfpnkerry)

is a densely defined operator in ‘H
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How to find QBT and T

Assume that T is an operator in H, G is a Hilbert space, and
[o,[1:dom T — G such that

@ T | kerlg is an extension of selfadjoint Ay in H
@ (Tf,9)n —(f, Tg)n = (T'1f,Tog)g — (Fof,T1f)g, f,g € dom T
o I'=(°):domS* — G x g dense range
@ kerlgnkerly dense in H
Then
S:=T| (kerfpnkerry)

is a densely defined operator in H such that

T-s
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How to find QBT and T

Assume that T is an operator in H, G is a Hilbert space, and
[o,[1:dom T — G such that

@ T | kerlg is an extension of selfadjoint Ay in H
@ (Tf,9)n —(f, Tg)n = (T'1f,Tog)g — (Fof,T1f)g, f,g € dom T
o I'=(°):domS* — G x g dense range
@ kerlgnkerly dense in H
Then
S:=T| (kerfpnkerry)

is a densely defined operator in H such that

T-s

and {G, Ty, 1} QBT for S* such that Ay = T [ ker .
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Boundary triples and selfadjoint extensions

Let {G,T,T1} be QBT for T = S* and B operator in G
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Boundary triples and selfadjoint extensions

Let {G,Io,T1} be QBT for T = S* and B operator in G. Let
A[B] =T I ker(ro — BF1)
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Boundary triples and selfadjoint extensions

Let {G,Io,T1} be QBT for T = S* and B operator in G. Let
A[B] =T I ker(ro — BF1)

For a QBT one has
Bc B* = A[B] C (A[B])*
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Boundary triples and selfadjoint extensions

Let {G,Io,T1} be QBT for T = S* and B operator in G. Let
A[B] =T I ker(ro — BF1)

For a QBT one has
Bc B* = A[B] C (A[B])*

but in general
B=B" # Apg=(Ag)"
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Boundary triples and selfadjoint extensions

Let {G,Io,T1} be QBT for T = S* and B operator in G. Let
A[B] =T I ker(ro — BF1)

Lemma

For a QBT one has
Bc B* = A[B] C (A[B])*

but in general
B=B" # Apg=(Ag)"

Lemma

For an OBT one has
BcB = A[B] C (A[B])*

\
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Boundary triples and selfadjoint extensions

Let {G,Io,T1} be QBT for T = S* and B operator in G. Let
A[B] =T I ker(ro — BF1)

For a QBT one has

BcB = A[B] - (A[B])*

but in general
B=B" # Apg=(Ag)"

Lemma
For an OBT one has

BcB = A[B] C (A[B])*

and also
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~-field and Weyl function

Let {G,To,T1} QBT for T = S*and Ay = T | kerlg
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~-field and Weyl function

Let {G,To,T1} QBT for T = S* and Ay = T | kerly. Recall

dom T = dom Ag + ker (T — \)
=kerlo+ker(T —)), A € p(Ag).
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~-field and Weyl function

Let {G,To,T1} QBT for T = S* and Ay = T | kerly. Recall

dom T = dom Ag + ker (T — \)
=kerlg+ker (T — ), A € p(Ao).

Definition (v-field)

P(A0) 3 A = 7(N) = (To [ ker (T — A)) !
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~-field and Weyl function

Let {G,To,T1} QBT for T = S* and Ay = T | kerly. Recall

dom T = dom Ag + ker (T — \)
=kerlg+ker (T —)), A € p(Ap).

Definition (v-field)

P(A0) 3 A = 7(N) = (To [ ker (T — A)) !

Definition (Weyl function)

1

p(Ag) 3 A= M(X) :==Tq(To | ker (T — X))~
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~-field and Weyl function

Let {G,To,T1} QBT for T = S* and Ay = T | kerly. Recall

dom T = dom Ag + ker (T — \)
=kerlg+ker (T — ), A € p(Ao).

Definition (v-field)

P(A0) 3 A = 7(N) = (To [ ker (T — A)) !

Definition (Weyl function)

1

p(Ag) 3 A= M(X) :==Tq(To | ker (T — X))~

If {G,To,T1} OBT replace ker (T — \) by ker (§* — )).

Example: v()) solves BVP, M(\) DN-map or ND-map
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Properties of the ~-field

p(A0) 3 A5 4(A) = (o T ker (T = A)) "
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Properties of the ~-field

p(A0) 3 A5 4(A) = (o T ker (T = A)) "

Lemma

For A\, u € p(Ag) one has
@ dom~(A) =ran g andran y(\) =ker(T — X)
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Properties of the ~-field

p(A0) 3 A5 4(A) = (o T ker (T = A)) "

Lemma

For A\, u € p(Ag) one has
@ dom~(A) =ran g andran y(\) =ker(T — X)
@ v(\) : G — H densely defined and bounded
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Properties of the ~-field

p(A0) 3 A5 4(A) = (o T ker (T = A)) "

Lemma

For A\, u € p(Ag) one has
@ dom~(A) =ran g andran y(\) =ker(T — X)
@ v(\) : G — H densely defined and bounded

@ y(\) € L(G,H)
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Properties of the ~-field

p(A0) 3 A5 4(A) = (o T ker (T = A)) "

Lemma

For A\, u € p(Ag) one has
@ dom~(A) =ran g andran y(\) =ker(T — X)
@ v(\) : G — H densely defined and bounded

@ y(\) € L(G,H)
(*] ’y()\)* =1I4 (Ao = X)i‘l S ﬁ(H, g)
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Properties of the ~-field

p(A0) 3 A5 4(A) = (o T ker (T = A)) "

Lemma

For A\, u € p(Ag) one has
@ dom~(A) =ran g andran y(\) =ker(T — X)
- 7( ) : G — H densely defined and bounded
Y(\) € L(G,H)
YA =T1(A — A" € L(H,G)
() = (1 + (A = 1)(Ao = A) ")y (w)
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Properties of the ~-field

p(A0) 3 A5 4(A) = (o T ker (T = A)) "

Lemma

For A\, u € p(Ag) one has

dom~(\) =ran g and ran () = ker (T — \)
v(A) : G — H densely defined and bounded
7(X) € L(G. H)

YA =T1(A — A" € L(H,G)

() = (1 + (A = 1)(Ao = A) ")y (w)

A = v(A)p analytic on p(Ap) for all ¢ € ran I
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Properties of the ~-field

p(A0) 3 A5 4(A) = (o T ker (T = A)) "

Lemma

For A\, u € p(Ag) one has

dom~(X) =ran Iy and ran y(\) = ker (T — )
v(A\) : G — H densely defined and bounded
1(\) € L(G, H)
YA =T1(Ag —N) " € L(H,G)
() = (1 + (A = 1)(Ao = A) ")y (w)

A = v(A)p analytic on p(Ap) for all ¢ € ran I

If {G,To,1} OBT slightly better properties of ~-field.
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Properties of the Weyl function

p(Ao) 3 A M(X) =T (To [ ker (T — \))™"
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Properties of the Weyl function

p(Ao) 3 A M(X) =T (To [ ker (T — \))™"

Lemma

For A, 1 € p(Ag) one has
@ domM()\) =ran g and ran M(X) C ran I'4
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Properties of the Weyl function

p(Ao) 3 A M(X) =T (To [ ker (T — \))™"

Lemma

For A, 1 € p(Ag) one has
@ domM()\) =ran g and ran M(X) C ran I'4
@ M(X) : G — G may be unbounded, not closed operator
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Properties of the Weyl function

p(Ao) 3 A M(X) =T (To [ ker (T — \))™"

Lemma

For A, 1 € p(Ag) one has
@ domM()\) =ran g and ran M(X) C ran I'4
@ M(X) : G — G may be unbounded, not closed operator
@ M(\)lofy =T+f, for fy € ker (T — X)
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Properties of the Weyl function

p(Ao) 3 A M(X) =T (To [ ker (T — \))™"

Lemma

For A, 1 € p(Ag) one has
@ domM()\) =ran g and ran M(X) C ran I'4
@ M(X) : G — G may be unbounded, not closed operator
@ M(\)lofy =T+f, for fy € ker (T — X)
® M(N)p — M(p)*¢ = (A = B)v(1)*v(A)p for ¢ € ran Ty
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Properties of the Weyl function

p(Ao) 3 A M(X) =T (To [ ker (T — \))™"

Lemma

For A, 1 € p(Ag) one has
@ dom M(\) =ran 'y and ran M(\) C ran I'4
A) : G — G may be unbounded, not closed operator
° M(A)F fr=Tf\ for fy e ker (T — \)
® M(N)p — M(p)*¢ = (A = B)v(1)*v(A)p for ¢ € ran Ty
@ M(X) Cc M(\)* and M()) well defined operator
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Properties of the Weyl function

p(Ao) 3 A M(X) =T (To [ ker (T — \))™"

Lemma

For A, u € p(Ao) one has
@ domM()\) =ran g and ran M(X) C ran I'4
@ M(X) : G — G may be unbounded, not closed operator
@ M(\)lofy =T+f, for fy € ker (T — X)
® M(N)p — M(p)*¢ = (A = B)v(1)*v(A)p for ¢ € ran Ty
@ M()\) c M())* and M()\) well defined operator
@ M = possibly unbounded constant + bounded operators:

M(X) = ReM(u)+(1)" (A—Rep) +(A—n)(A=m)(Ao—2) ") v(k)
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Properties of the Weyl function

p(Ao) 3 A M(X) =T (To [ ker (T — \))™"

Lemma
For A, u € p(Ao) one has
@ domM()\) =ran g and ran M(X) C ran I'4
@ M(X) : G — G may be unbounded, not closed operator
@ M(\)lofy =T+f, for fy € ker (T — X)
® M(N)p — M(p)*¢ = (A = B)v(1)*v(A)p for ¢ € ran Ty
@ M()\) c M())* and M()\) well defined operator
@ M = possibly unbounded constant + bounded operators:

M(X) = ReM(u)+(1)" (A—Rep) +(A—n)(A=m)(Ao—2) ") v(k)

@ A — v(A)p analytic on p(Ap) for all ¢ € ran Iy
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Properties of the Weyl function

p(Ao) 3 A M(X) =T (To [ ker (T — \))™"

Lemma
For A, u € p(Ao) one has
@ domM()\) =ran g and ran M(X) C ran I'4
@ M(X) : G — G may be unbounded, not closed operator
@ M(\)lofy =T+f, for fy € ker (T — X)
® M(N)p — M(p)*¢ = (A = B)v(1)*v(A)p for ¢ € ran Ty
@ M()\) c M())* and M()\) well defined operator
@ M = possibly unbounded constant + bounded operators:

M(X) = ReM(u)+(1)" (A—Rep) +(A—n)(A=m)(Ao—2) ") v(k)

@ A — v(A)p analytic on p(Ap) for all ¢ € ran Iy

If {G,To,M1} OBT much better properties of Weyl function.



Quasi boundary triples and selfadjoint extensions

Let {G,,T1} be QBT for T = S* and B operator in G. Let

A[B] =T i ker(l'o — BI'1)
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Quasi boundary triples and selfadjoint extensions

Let {G,,T1} be QBT for T = S* and B operator in G. Let

A[B] =T i ker(l'o — BI'1)
Recall the next observation:

For a QBT one has
BcB = A[B] C (A[B])*

but in general
B=B" # Apg=(Ag)"
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Quasi boundary triples and selfadjoint extensions

Let {G,,T1} be QBT for T = S* and B operator in G. Let

A[B] =T i ker(l'o — BI'1)
Recall the next observation:

Lemma
For a QBT one has

BcB = A[B] C (A[B])*

but in general
B=B" # Apg=(Ag)"

We would like to find additional conditions on B or other
quantities such that

B = B* = A[B] = A[B*]
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A Krein type resolvent
formula
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Selfadjoint extensions

Let B = B* € £(G) and consider the symmetric operator
A[B] =T7 ker(ro — BF1)

J. Behrndt Schrodinger operators with singular interactions



Selfadjoint extensions

Let B = B* € £(G) and consider the symmetric operator
A[B] =T7 ker(ro — BF1)

For X\ € p(Ap) the Birman-Schwinger principle holds:

Aeop(Ag) & 0¢€ap(1—BM(N))
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Selfadjoint extensions

Let B = B* € £(G) and consider the symmetric operator
A[B] =T7 ker(ro — BF1)

(Theorem

For X\ € p(Ap) the Birman-Schwinger principle holds:

Aeop(Ag) & 0¢€ap(1—BM(N))

Assume, in addition, that the following hold for some X € C*:

e 1 € p(BM(\)) N p(BM(X))

@ B(ran M()\)) C ran Ty and B(ran M()\)) C ran Iy
@ B(ranTq{) CranTy
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Selfadjoint extensions

Let B = B* € £(G) and consider the symmetric operator
A[B] =T7 ker(ro — BF1)

(Theorem

For X\ € p(Ap) the Birman-Schwinger principle holds:

Aeop(Ag) & 0¢€ap(1—BM(N))

Assume, in addition, that the following hold for some X € C*:

e 1 € p(BM(\)) N p(BM(X))

@ B(ran M()\)) C ran Ty and B(ran M()\)) C ran Iy
@ B(ranTq{) CranTy
Then Ag = Ap
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Selfadjoint extensions

Let B = B* € £(G) and consider the symmetric operator
A[B] =T7 ker(ro — BF1)

For X\ € p(Ap) the Birman-Schwinger principle holds:

Aeop(Ag) & 0¢€ap(1—BM(N))

Assume, in addition, that the following hold for some X € C*:

e 1 € p(BM(\)) N p(BM(X))

@ B(ran M()\)) C ran Ty and B(ran M()\)) C ran Iy
@ B(ranTq{) CranTy
Then Ag = Ag and for all A € p(Ag) N p(Ag) one has

(A — A" = (Ao — AT+ (N)(1 - BM(N) T By(V)*
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Selfadjoint extensions

Let B = B* € £(G) and consider the symmetric operator
A[B] =T7 ker(ro — BF1)

For X\ € p(Ap) the Birman-Schwinger principle holds:

Aeop(Ag) & 0¢€ap(1—BM(N))

Assume, in addition, that the following hold for some X € C*:

e 1 € p(BM(\)) N p(BM(X))

@ B(ran M()\)) C ran Ty and B(ran M()\)) C ran Iy
@ B(ranTq{) CranTy
Then Ag = Ag and for all A € p(Ag) N p(Ag) one has

(A — A" = (Ao — AT+ (N)(1 - BM(N) T By(V)*

Example: {L2(0Q), v, 7p} for dom T = H?(Q), B.c C'(9Q) real



Schrodinger operators with
o-interactions
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A suitable quasi boundary triple

Consider the operators
S=-A+V,
dom S = {f € H*(R") : fIs= 0},

and
T=-A+V,

dom T = {f = (fi,fo) " € H*() x H*(Qe) : filx=felx }.
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A suitable quasi boundary triple

Consider the operators
S=-A+V,
dom S = {f € H*(R") : fIs= 0},

and
T=-A+V,

dom T = {f = (fi,fe)" € H3(Q) x H*(Qe) : filx= falx }.
Proposition
Then T = S* and {L3(X), T, 1}, where for f = (/) e dom T

Fof :=0,filx +0ufels and T4f:=filx=foly,

is a QBT such that ran [y = H'/2(X) and ran 'y = H%/2(X), and

i
Ag=T [kerlTg=Apee and Ay =T [kerl; = Ap Oe ‘
0 Aj
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The corresponding ~-field and Weyl function

~-field of the QBT {L?(X), o, 1}

For ¢ € H'/2(X) and X € p(Asee) the function y(\)y solves the
transmission problem

(-A+V)u=2Au, Ujls=Uels, OyUilx +0yUelx= ¢.
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The corresponding ~-field and Weyl function

~-field of the QBT {L?(X), o, 1}

For ¢ € H'/2(X) and X € p(Asee) the function y(\)y solves the
transmission problem

(-A+V)u=2Au, Ujls=Uels, OyUilx +0yUelx= ¢.

In fact, if ((Agee — A)~1)(X) = [z Ga(X, ¥)f(y)dy then

- /: Gr(x.y)p(y) do(y), X €RM\¥.
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The corresponding ~-field and Weyl function

Wey! function of the QBT {L3(X), o, 1}
For A € C\ R one has M()\) : L2(X) — L3(X)

M(N)e = (M(A) +Ae(V) g, @ € domM(X) = H3(x),

where A;(\) and Ag(A) denote Dirichlet-to-Neumann maps of
the interior and exterior problem, respectively.
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The corresponding ~-field and Weyl function

Wey! function of the QBT {L3(X), o, 1}
For A € C\ R one has M()\) : L2(X) — L3(X)

M(N)e = (M(A) +Ae(V) g, @ € domM(X) = H3(x),

where A;(\) and Ag(A) denote Dirichlet-to-Neumann maps of
the interior and exterior problem, respectively.

In fact, if ((Aree — A) ™' F)(X) = Jgn Ga(X, ¥)f(¥)dy then

- /X G\(x,V)p(y) doly),  xex.
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Schrédinger operators with §-interactions

Let « € W'>°(X) be real. Then As, = T | ker (Tg — aly), i.e.,

A5,a =-A + V7

[ (f 20 > _ filz=felx,
dom A57a = {<fe> € H (Q,) X H (Qe) . al,,f,'fz +8yeferz: O[flrz

is selfadjoint in L2(R")
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Schrédinger operators with §-interactions

Let « € W'>°(X) be real. Then As, = T | ker (Tg — aly), i.e.,

A5,a - _A + V7

[ (f 20 > _ filz=felx,
dom A57a = {<fe> € H (Q,) X H (Qe) . 81//):[[«2 +8yeferz: O[flrz

is selfadjoint in L2(R") and for A € p(Aee):

A€ op(Asa) €  0€ap(1—aM(N)).
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Schrédinger operators with §-interactions

Let « € W'>°(X) be real. Then As, = T | ker (Tg — aly), i.e.,
Ag’a =—-A+ V7

[ (f 20 > _ filz=felx,
dom A57a = {<fe> € H (Q,) X H (Qe) . 81//):[[«2 +8yeferz: O[flrz

is selfadjoint in L2(R") and for A € p(Aee):
A€ op(Asa) €  0€ap(1—aM(N)).

Moreover, for A € p(Asee) N p(Aso) ONe has

(Ase — A" = (Aree — A) T+ (V) (1 — aM(N)) " ar (V).
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Schrédinger operators with §-interactions

Let « € W'>°(X) be real. Then As, = T | ker (Tg — aly), i.e.,

Ag’a =—-A+ V7

[ (f 20 > _ filz=felx,
dom A57a = {<fe> € H (Q,) X H (Qe) . al,,f,'fz +6Veferz: O[flrz

is selfadjoint in L2(R") and for A € p(Aee):
A€ op(Asa) €  0€ap(1—aM(N)).

Moreover, for A € p(Asee) N p(Aso) ONe has

(Ase — A" = (Aree — A) T+ (V) (1 — aM(N)) " ar (V).

Note (Asa — A)~" — (Agee — A)~" compact, in fact, &p, p > 251
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Approximation by regular potentials

Q. e-neighborhood of X, W € L*>(R") with supp W C Q3.
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Approximation by regular potentials

Q. e-neighborhood of X, W € L*>(R") with supp W C Q3. Let

gW(XZ + gtl/(Xz)), Xy + tl/(X):) € Q.,
0, otherwise,

W.(x) := {
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Approximation by regular potentials

Q. e-neighborhood of X, W € L*>(R") with supp W C Q3. Let

gW(XZ + gtl/(Xz)), Xy + tl/(X):) € Q.,
0, otherwise,

W.(x) := {

and
B
o(xg) = / W(xs + sv(xs)) ds.
-8
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Approximation by regular potentials

Q. e-neighborhood of X, W € L*>(R") with supp W C Q3. Let

gW(XZ + gtl/(Xz)), Xy + tl/(X):) € Q.,
0, otherwise,

W.(x) := {

and
B
o(xg) = / W(xs + sv(xs)) ds.
-8

The operators H. = —A + V + W. defined on H?(R") converge
in norm resolvent sense to A; ,, that is,

Sim [[(He =27 = (Asa = )| = 0.
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Boundary triple techniques
in spectral theory of PDEs
— some references —




Main objective of the following reference list

In the following few slides some contributions in the area of
boundary triples and extension theory for PDE’s are listed. The
following collection has an emphasis on quasi boundary triple
techniques. It is by no means complete or an overview of the
literature.

Since it is not easy to access the core ideas and complete
proofs we highlight a small selection of papers and
monographs which we recommend for a first reading; for this
purpose we shall use the symbol

Q
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Origins of (ordinary) boundary triples

@ V.M. Bruk
A certain class of boundary value problems with a spectral
parameter in the boundary condition,
Mat. Sb. (N.S.) 100 (142) (1976), 210-216
@ A.N. Kochubei
Extensions of symmetric operators and symmetric binary
relations [Russian], Mat. Zametki 17 (1975), 41-48;
English translation: Math. Notes 17 (1975), 25-28
A further early reference is the monograph
@ V.I|. Gorbachuk and M. L. Gorbachuk
Boundary Value Problems for Operator Differential
Equations, Kluwer Academic Publ., Dordrecht, 1991
Pay also attention to the more general paper
@ J.W. Calkin,
Abstract symmetric boundary conditions,
Trans. Amer. Math. Soc. 45 (1939), 369-442
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Weyl function for ordinary boundary triples

@ V.A. Derkach and M. M. Malamud
Generalized resolvents and the boundary value problems
for Hermitian operators with gaps,
J. Funct. Anal. 95 (1991), 1-95
@ V.A. Derkach and M. M. Malamud
The extension theory of Hermitian operators and the
moment problem, J. Math. Sci. 73 (1995), 141-242
Best available review paper and monograph touching these
topics are
@ J. Brining, V. Geyler, and K. Pankrashkin
Spectra of self-adjoint extensions and applications to
solvable Schrddinger operators,
Rev. Math. Phys. 20 (2008), 1-70
@ K. Schmidgen
Unbounded Self-Adjoint Operators on Hilbert Space,
Springer, Dordrecht, 2012
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Quasi boundary triples and Weyl functions

@ J. Behrndt and M. Langer
Boundary value problems for elliptic partial differential
operators on bounded domains,
J. Funct. Anal. 243 (2007), 536-565

¢ J. Behrndt and M. Langer
Elliptic operators, Dirichlet-to-Neumann maps and quasi
boundary triples, in: Operator Methods for Boundary Value
Problems, London Math. Soc. Lecture Note Series,
vol. 404, 2012, pp. 121—-160

The papers can be downloaded from

www.math.tugraz.at/~behrndt/
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QBTs for Schrédinger operators with 5-potentials

@ J. Behrndt, M. Langer, and V. Lotoreichik
Schrédinger operators with § and ¢’-potentials supported
on hypersurfaces, Ann. Henri Poincaré 14 (2013), 385—423
@ J. Behrndt, M. Langer, and V. Lotoreichik
Spectral estimates for resolvent differences of self-adjoint
elliptic operators,
Integral Equations Operator Theory 77 (2013), 1-37
@ J. Behrndt, G. Grubb, M. Langer, and V. Lotoreichik
Spectral asymptotics for resolvent differences of elliptic
operators with § and ¢’-interactions on hypersurfaces,
J. Spectral Theory 5 (2015), 697-729
@ J. Behrndt, R.L. Frank, C. Kiihn, V. Lotoreichik, and
J. Rohleder
Spectral theory for Schrédinger operators with
delta-interactions supported on curves in R3,
Ann. Henri Poincaré 18 (2017), 1305—1347
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QBT methods and Titchmarsh-Weyl theory for PDEs

@ J. Behrndt and J. Rohleder
Spectral analysis of selfadjoint elliptic differential operators,
Dirichlet-to-Neumann maps, and abstract Weyl functions,
Adv. Math. 285 (2015), 1301-1338

@ J. Behrndt and J. Rohleder
Titchmarsh-Weyl theory for Schrédinger operators on
unbounded domains,
J. Spectral Theory 6 (2016), 67-87

@ J. Behrndt, M. Langer, V. Lotoreichik, and J. Rohleder
Quasi boundary triples and semibounded self-adjoint
extensions,
Proc. Roy. Soc. Edinburgh Sect. A, to appear
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QBTs for scattering problems and the SSF

@ J. Behrndt, M.M. Malamud, and H. Neidhardt
Scattering matrices and Weyl functions,
Proc. London Math. Soc. 97 (2008), 568-598

@ J. Behrndt, M.M. Malamud, and H. Neidhardt
Scattering matrices and Dirichlet-to-Neumann maps,
J. Funct. Anal. 273 (2017), 1970-2025

@ J. Behrndt, F. Gesztesy, and S. Nakamura
Spectral shift functions and Dirichlet-to-Neumann maps,
Math. Ann., to appear
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Ordinary boundary triples for PDEs

@ G. Grubb
A characterization of the non-local boundary value
problems associated with an elliptic operator,
Ann. Scuola Norm. Sup. Pisa (3) 22 (1968), 425-513

@ B.M. Brown, G. Grubb and I. G. Wood
M-functions for closed extensions of adjoint pairs of
operators with applications to elliptic boundary problems,
Math. Nachr. 282 (2009), 314-347

e M.M. Malamud
Spectral theory of elliptic operators in exterior domains,
Russ. J. Math. Phys. 17 (2010), 96—125

@ J. Behrndt and M. Langer
Elliptic operators, Dirichlet-to-Neumann maps and quasi
boundary triples, in: Operator Methods for Boundary Value
Problems, London Math. Soc. Lecture Note Series,
vol. 404, 2012, pp. 121-160
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Other related abstract boundary triple techniques

Generalized boundary triplets were studied in
@ V.A. Derkach and M. M. Malamud
The extension theory of Hermitian operators and the
moment problem, J. Math. Sci. 73 (1995), 141-242
@ V. A. Derkach, S. Hassi, M. M. Malamud, and H. de Snoo
Boundary triplets and Weyl functions. Recent
developments. in: Operator Methods for Boundary Value
Problems, London Math. Soc. Lecture Note Series,
vol. 404, 2012, pp. 161-220
and for boundary relations see
@ V. A. Derkach, S. Hassi, M. M. Malamud, and H. de Snoo
Boundary relations and their Weyl families,
Trans. Amer. Math. Soc. 358 (2006), 5351-5400
@ V.A. Derkach, S. Hassi, M. M. Malamud, and H. de Snoo
Boundary relations and generalized resolvents of
symmetric operators,
Russ. J. Math. Phys. 16 (2009), 17-60
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Other closely related techniques

@ F. Gesztesy and M. Mitrea
A description of all self-adjoint extensions of the Laplacian
and Krein-type resolvent formulas on non-smooth
domains,
J. Anal. Math. 113 (2011), 53-172

@ A. Posilicano
Boundary triples and Weyl functions for singular
perturbations of self-adjoint operators,
Methods Funct. Anal. Topology 10 (2004), 57—63

@ A. Posilicano
Self-adjoint extensions of restrictions,
Operators and Matrices 2 (2008), 1—-24

@ A. Posilicano and L. Raimondi
Krein’s resolvent formula for self-adjoint extensions of
symmetric second-order elliptic differential operators,
J. Phys. A: Math. Theor. 42 (2009), 015204, 11pp
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Other closely related techniques

@ O. Post
Boundary pairs associated with quadratic forms,
Math. Nachr. 289 (2016), 1052—1099

@ V. Ryzhov
A general boundary value problem and its Weyl function,
Opuscula Math. 27 (2007), 305-331

@ V. Ryzhov
Weyl-Titchmarsh function of an abstract boundary value
problem, operator colligations, and linear systems with
boundary control,
Complex Anal. Oper. Theory 3 (2009), 289-322
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Want to learn more?

J. Behrndt Schrodinger operators with singular interactio!



Come and visit Jussi in the beautiful city of Graz !
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