1 1D Klein-Gordon equation

zﬂ(x,t) = —(H +m*)Y(z,t), (x,t)eR? H= —aa—; + V(x)

U(z,0) =0, (z,0) =mo(x)
Introduce the operator (”Bessel potential”)
Ju=F H)°F, a€R, (2)=(1+l)"

where F is FT. The generalized Sobolev space H®! = H®'(R) (cf. [BL])
is the space of all tempered distributions f € §'(R) with finite norm

/]

As before H*' = H{"'.

ool = ”\7(\’fHL(17 a,0 €R (1.1) H-«

Remark H%!' = Wk for k € N.

[BL] J. Bergh, J.Lofstrom, Interpolation Spaces, Springer, Berlin, 1976.
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int|] Theorem 1.1 i) Let V € L}, my € H2', my € X.(H). Then

o)z = O2), ¢ — 00 (1.2)

1
i) Let V € Ly, mo € HY’

Lm € X.(H). Then, in the non-resonant case

()=, = O@7), t— o0 (1.3)

Here X.(H) is the continuous spectrum subspace of H.

We note that similar deca s 1s frequently stated in terms of the Besov

Tull

space B1 1 (R). Namely,
fallll-new

1.2

holds Wlth Bfl in place of Hz' since B1 1 C

Hat, Similarly, (.3 Trolds with B1 11 in place of H2’ , where BLl,l is
the corresponding weighted Besov space.

fu

fu



WHP — L9 estimates for the 3D KGEs were established in [SW].

In 1D case W*? — "4 estimates were obtained in [W1] for V e L!,

where v > % in the non-resonant (:ase1 and vy > g in the resonant case.
1
The dispersive estimate of type in Besov space is shown in [DF] but

again requiring V' € L in the resonant case.
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Free Klein-Gordon equation (V' = 0)

@Z)(*’L"t) = ¢/,($7t) - m2¢<x)t)v ¢(l‘,0) =0, ¢(l‘,0) = 77-0(1')7

FT:  4(k,t) = Sin(tr)kij;gﬁ)

7o (k)

Pz, t) = U(t)mo(x)

1 ik SIN(EV K2 +m? 1
U(t,x,y) = %/6 Ho) \/m )dk = 59(t2—|$—y|2)(]0( \% t2_|$_y|2)

lo(®) = < €0+ 1) (lImoll s + Imills ) [RS)

[RS] M. Reed, B. Simon, Methods of modern mathematical physics, I11.

4



We will prove that  [[¢(t)||z~ < C(1+ |7f|)_1/2||7T0HH%,1
First consider the case V = 0.

Let &(x) € Cf°: &(x) = 1 for x < 1 and &(x) = 0 for z > 2, and
((xz) =1—&(x). We split

Ut,z,y) = Ui(t,z,y) + Us(t, 2, y)
where
(tVE2 + m?)
VRt m?

Us(t,x,y) = i/eik($—y)g(k2)81n(t\/\/@)
N k? + m?

1 ) sin
e dk

dk
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Low frequencies Consider the oscillatory integral

I(t) = / beiw(’f) f(k)dk, ¢(k) eR

Lemma 3 Let ¢"(k) # 0 for k € [a,b] and f € A;. Then

()] < Clt min " (B)](1fllay, t>1

a<k<b

Proof. We have f(k)=c+ / e™g(y)dy, gly) € L'
R

b
I(t) = / G Lyp(dy + clo(t),  1(t) = / MO g
R a
By the van der Corput lemma
: " —1/2
L] < Clt win |¢"(R)|17/7, t=1, veR

and the claim follows from the definition of the norm in A;:

[l = ¢+ gl e



L ' in(tv/k? 2
Ui(t,z,y) = — /elk(xy)g(k2>81n( VE2 +m?2)
2 VEZ+m?
is the oscillatory integrals with the phase functions

d+(k) =EVE2+m? —vk, v= y—a:'

t

dk

The second derivative of ¢ (k) satisfies

m? m?

L) = s 2 Ol = ()

Further, (k? +m?)~1/2¢(k?) € C3° C A, then Lemma 3 implies

UL ()| 1 pee = £%§|U1(t,x,y)| <Cct7V? t>1.



High frequencies

We following lemma is the adapted version of Lemma 2 from [MSW]. For
the proof we apply Lemma 6.7 from [C].

Lemma 4 Let n(k) € C*[1,00), |nW) (k)| < k7 for j = 0,1. Then

izt\/k2+m2+zkp 12
sup ‘ / —dk| < Ct™
bR k3/2

[IMSW] B. Marshall, W. Strauss, and S. Wainger, LP — L? estimates for
the Klein—Gordon equation, J. Math. Pures et Appl. 59 (1980), 417-440.

[C] S. Cuccagna, On dispersion for Klein Gordon equation with periodic
potential in 1D, Hokkaido Math. J. 37 (2008), 627-645.



/U2(t7$,y)f(y)dy = % (/g(kz)sm%g)

Sln K2 +m2) zkx 2\1/4
/C k:2+m2(1+k2)1/4 (L) f (k)

s etitVEZT+m2 +ik(z—y)

9 k3/2
- C<k ) 2\1/4( -2 2\1/2°
(1 + k ) (k} +m )

D dE) f(y)dy

Here n(k)

g=Jif,

|Ua(t) fllz~ < C sup

z,y€R

= e:l:it\/m—i-ik(x—y)
/"(k) 372 dk‘/lg(y)ldy

< Gt Pllgllz = CEE

by Lemma 4. Here ||g|[rs = [|f|| 3. by definition
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The case V # 0
U(z,t) = Ut)mo(z)

(1+(z,y, k))dk

1 ih(z—y) SRV E>+m?)
U(ta Z, y) ~ 5 € \/m

27

where

¢($,y, k) = h+(y> k‘)h_(l', k)T(k) -leA

The low energy component Ui (t,x,y) estimated in the same way as in
the case V' = 0 (by Lemma 3). To estimate high energy component
Us(t, z,y) we apply the identity R(\) = Ry(A\) — Ro(A)V R(\) to obtain

dk
27

1 . Tt /T2 5

Us(t,,y) = o / o)y SRV )
VE> +m?

i sin(tVk2 + m2) etkllz—zl+lz—yl)

+4— V(Z)</ C(K) ( : : )

" k1 VE> +m? k

For the last integral we need the following lemma

(141 (y, 2, k))dk)dz.
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Lemma 1.2 Let n(k) € C*[1,00), such that |n\9 (k)| < k=7 forj =0, 1.
Then for any g(k) € Ay, a > 3/2 and t > 1

sup g(k)k| < Cla)llglat™  (14) [oT

peR

‘ / it\/ k2+m2+1kp

Proof Consider ”+4” case. We have the oscillatory integral

1n(t) = / " k() O g (k) dk

with the phase function ¢(k) = V&2 + m? — vk, v = —p/t.

L(t) = I,(t) + I3(t) / /

2(8)] < gl / kedk < Cllg|La .

t
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k
Denote V(k,t) = [ ¢ g(7)dr. By the van der Corput lemma
1

Wk, )| < Cllgllat™ V22, (15) [es
. " m’ ¢
since 1T<1171£lk¢< ):¢(k)_m>k’_

Integrating by parts, we get
t t
1) = [ K enav(et) = v oo - [ wis o)
1 1

kn' (k) — an(k)
frot1

By (E5F 10 (k, ) A(K)| < Cllgllat 2R3k = C|g|l at~2K12-

t
11.(0] < Cliglla, (tl_“ +(1+ a)t—l/Z/ kw‘“dk) < Cllgllat™2.

01 < Nl + [ OAR kA =

1
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