1 3D Klein-Gordon equation

iW(t) = HU(), H:i(A—nSQ—V é)

1) V(@) +|[VV() <CA+]a)? >3, zeR’

(2) A =0 is neither eigenvalue nor resonance of H = —A + V()

Theorem 1.1 ([KK]) Let ¥(0) € E,, 0 > 5/2. Then

1P (t)||p_, =O(|t] %), ¢ — £oo.
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Free 3D Klein-Gordon equation
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U(t) = 5 /e [RKG(W +i0) — Rgg(w zO)]llf(O)dw, U= < o
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in £, - E_, with 0 > 5/2.

Then the contribution of low frequencies decays ~ t=3/2

E, - E_, with 0 > 5/2.

as t — oo In



High frequencies Free Schrédinger equation.

R ei\/akvfyl
s(w  dwlz—y|
2 - / C(w Wt [Rs(w +1i0) — Rs(w — i0)]1(0)dw
T

[0,00)

((w) e C™, ((w)=0, forw<1
We plan to apply integration by parts. For this we will use the result of
Agmon [A]: For any o > 1/2 the following asymptotics hold

—k

1Rs (@)l s ppesr = O(w™ %), w— 00, weC\[0,00), k=-1,0,1,2

Hence

IRs(w £ i0)|l 12 o2 = Ow™2), w— 00, o>1/2

[A] S. Agmon S, Spectral properties of Schrédinger operator and scat-
tering theory, Ann.Scuola Norm. Sup.Pisa, Ser. IV 2, 151-218 (1975).
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Theorem 1.2 For j =1,2,... and any o > j + 1/2

1—k+j
Hs—H*TF = O(Jw|™

IRY (w)]

), w — 00, we C\[0,00), k=—1,0,1,2

In [KK] we give a complete proof of this theorem refining the arguments
in the proof of Theorem A.1 from Appendix A in [A].

For k=0 amd j =0,1,2, we get
IRs(w £1i0)| 132, = O(w™2), w— 00, o> 1/2
IR £ 013112, = Ow™), w— 00, o >3/2

IRS(w £ i0)|| 32, = O 2), w = 00, 0> 5/2

[KK] A. Komech, E. Kopylova, Weighted energy decay for 3D Klein-
Gordon equation, J. Differential Equations 248 (2010), no. 3, 501-520.



Now two integration by parts in

T omi / ((w)e ™ [Rg(w +i0) — Rs(w — i0)]¢(0)dw
[0.00)

gives that for ¢y € L2 with o > 5/2

[n(E)llr2, = O@™2), t—= o0



High frequencies Free Klein-Gordon equation.
Recall that for k = —1,0,1 and o > 1/2

1Rs (@)l gy protr = O(w™ %), w =00, we C\[0,00)
We need asymptotics for

w )
—iw? w

RKG(w):RS(w2—m2)( >, w— 00, weC\]I0,00)
in H! ® H? — H' & H°_ . We have

| Ric@lmpsm» 1RGO lng—me, = OW™) -w=0(1), k=0
||R11<2G(W>||Hg—>H£U =0(1), k=1

HR%{lG(W)”H;—>H90 =0w™?)-W?=0(1), k=-1
Hence,
| Rk (w)||lg, -, = O(1), w—o00, weC\]|0,00)

i.e. we have no decay for this resolvent.
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We have no decay for the derivatives of the free resolvent too. Moreover,
the perturbed resolvent and its derivatives has the same asymptotics as
free resolvent. Then we can’t integrate by parts. But we have obtained
the desired decay for the solution to the free KGE using the explicit
formula. Namely,

W (OE(O)le_, < CA+I[E)*2[L(0)]5, o> 3/2

To obtain the high energy decay for the perturbed equation, we apply

1) the Huygens principle
2) the Born series
3) the convolution representation.

Now we derive an useful representation for the perturbed resolvent R (w) :=
(H — w)~! from the Born decomposition formula

H—WZHQ—CU+V:(HO—M)[1+R0(W)V]

Here H, is the free KG operator, Ro(w) = (Ho—w) ! is the free resolvent,

and
0 0
V_(—iV 0>
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Therefore,

and
1+ Ro(@VIR(®) = Ro(w).

Hence,

R(w)=Ro(wr-Ro(w)VR(w) =Ro(w)Ro(w)VRo(wHRo(w)VRo(w) VR (w)

Taking the inverse Fourier-Laplace transform

U(t) = L / e“'R(w +i0)¥(0)

2
we obtain
W) = WEU(0)+i / W(t — $)VIW(s)W(0)ds
_ L [Ro(w)VRO(w)VR(w)\IJ(O) — W (1) + Us(t) + Wa(t)

I



I. We already obtain the time decay for the first term Wy (¢) = W (¢t)¥(0).

II. For the second term Wy(t) the decay follows by estimates for the
convolution. We have for o > 3/2, 8 > 3 and 3/2 < 0y < min{o, 3/2}

[W(t —s)YW(s)¥(0)|z_, <[W(t—s)YW(s)¥ ()&,
ClIYW(s)¥(O0)lz, _ CIW(s)¥(0)llz_,
ST At —s)P2 (At Jt—s|)3

Cl[w(0)l ., < ClI(0)| e,
T (= s+ T (A = s+ [s])22

Therefore, integrating here in s, we obtain that

ClIY(0) ||,

Wo(t <
M)l < Gy e

teR, o>3/2



II1. Consider the last term W3(¢). We have
1

Uy(t) = — [ e iy (w) [ROVROVR(erz’O)—ROVROVR(w—iO)}\IJO dw

271
r

1

o [ e 1= x (W) [RoVRVR(w+i0) ~RoVRVR (w0~ 0) | Wy dov

271
T

= L(t) + L(t)

where x(w) € C§°(R), x(w) =1 in the vicinity of +m.
The matrix VRo(w)V = VRkg(w)V has the lucky structure:

VRig(w)V = ( —iVRS(wOQ )V 8 )
and the theorem of Agmon with &£ = —1 implies
IRs(@)lm—mo, = Ow™), w—= 00, weC\[0,00), o>1/2
Then

1Rs(w?® = m) ||y sm0, = O(Jw] %), w — 00, w e C\[0,00)
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We obtain the same decay for the first and second derivatives with o >
3/2 and o > 5/2, respectively, since

0
8_wRS(w2 —m?) = 2wRL(w? —m?)
Hence, two times partial integration implies that
Cl[Wolls
Ir(t < ———=, teR, o>5/2
H 2( )HE—O‘ = (1_'_ ‘t|)2 /

The time decay for I;(t) follows by the Jensen-Kato technique. Denote
P (w) = x(w) | RoVRoVR(w +i0) — ReVRoVR(w — i0)
The following asymptotics hold as w — +m, w € I':

ez, 6, = OllwFm|'?)
12" W)z b, = O(lwFm|™/?)
12" (W) lg, 5, = Olw Fm|™*?)

for any o > 5/2.
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Then we obtain that
1L |g,»p, <CL+ )2 teR

Finally
T38| 5,5, < C(L+[t))*? teR

The 1D case is more difficult, since the solutions of free Klein-Gordon
equation have slow decay in weighed energy norm. In this case

[ Ut,o—vy,) Ult,x—y,
W(t,iﬁ_y»)_((j(zﬁ,x_y) U(t,:c—y))

1
Ult,z) = 59(15 — 2N Jo(mVE2 — 22) ~ Y2 |zl <et, 0<e< 1

Hence,
IWO)lg, 5, = O 2), t = o0

and we can’t apply the Born series and the convolution. This difficulty
is well known, and it hindered the study of asymptotic stability of many
important 1D problems. The slow decay is caused by “zero resonance
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function” 1 (z)=const corresponding to the edge point A = 0 of the con-
tinuous spectrum of the 1D Schrodinger operator —d?/da?. Equivalently,
the resolvent of 1D Schrédinger operator is unbounded at w = 0:

ei\/‘;‘x_yl

2i\/w
The main idea of our approach is spectral analysis of the “bad” term, with
the slow decay ~ t~1/2. We show that the bad term does not contribute

to the high energy component. More precisely, if ¥y € E, then the high
energy component of solution to the free KGE

Rs(W,$ - y) =

U, (t) = QLm /C(w)e_M[RKg(w +1i0) — Rgg(w —i0)]¥(0)dw

where ((w) = 0 for |w| < m + 1, decays ~ %2 in E_,. Then the decay
for high energy component of solution to the perturbed equation follows
by our 3D approach. On the other hand, the decay ~ t=3/2 for the low
energy component in the non-resonant case we can obtain by method
Jensen-Kato (see [KK1]).

13



[KK1] A. Komech, E. Kopylova, Weighted energy decay for 1D Klein-
Gordon equation, Comm. PDE 35 (2010), no.2, 353-374.

14



	3D Klein-Gordon equation

