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1.1 Boundary Triplets and Parameterization of Proper

Extensions

Let Abe a densely defined closed symmetric operator in a separable
Hilbert space $ with equal deficiency indices ny(A) = dim9y; <
0o, where 91, = ker(A* — z) is the defect subspace. Let $4 is
dom A* equipped with the norm of the graph defined by equality
IF1I5 = 11> + [|A*f2.

Defintion 1

A triplet M = {H,lg,T1} is called a boundary triplet for the
adjoint operator A* of A if H is an auxiliary Hilbert space and
Mg,M1: dom(A*) — H are linear mappings such that

() the following abstract second Green identity holds

(A*fv g)_(f7 A*g) = (r1 f7 rOQ)?—L—(rof, r1g)7'lv fag € dom(A*),
(1)

(i) the mapping I' := (I'g,{) " : dom (A*) — H & H is surjective.
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Lemma 1

Let M= {#,T,M1} be a bound. tripl. of the op. A*. Then
() Tj€B($H+,H),j€{0,1} and kerl = dom A =: $°.

(i) Map. T : $4 /9% — H @ H defines a topolog. isomorph.

Definition 2

(/) A closed extension A of A s called a proper extension, if
AC A C A*. The set of all proper extensions of A completed by
the (non-proper) extensions A and A* is denoted by Exta.

(if) Two proper extensions A', A”, of A are called disjoint if
dom (A") N dom (A”) = dom (A) and transversal if in addition
dom (A’) + dom (A”) = dom (A*).
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The set C(H) of closed linear relations in H is the set of closed
linear subspaces of # ® H. Recall that dom (©) = {f : {f,f'} €
©}, ran(©) = {f' : {f,f'} € ©}, and mul (©) = {f : {0,f'} € O}
are the domain, the range, and the multivalued part of ©. A closed
linear operator A in H is identified with its graph gr (A), so that
the set C(#H) of closed linear operators in #H is viewed as a subset
of 5(7-[) In particular, a linear relation © is an operator if and

only if mul (©) is trivial. Note that the adjoint relation ©* € C(H)

of © € C(H) is defined by

o — {(,’;) (F' ) = (F, B}y for all ()f) e @} .

A linear relation © is said to be symmetric if © C ©* and self-
adjoint if © = ©*.

For a symmetric linear relation © C ©* in ‘H the multivalued part
mul (©) is the orthogonal complement of dom (©) in H.
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Proposition 1

The map ' : 4+ — H @ H defines a bijective corres-ce between
the set of Exta and the set C(H) of closed linear relat-s in .

Exta > A © := I(dom A) = {(Tof T1f)" : f € dom A} € C(H),

(we will write Ag := A). Moreover, the following holds:

(i) (Ao)” = Ao~

(ii A@1 - A@2 & 04 C Oy;

(iii) Ag is symmetric (Ag C (Ag)*) & © is symmetric and
n. +(Ao) = ni(O). In particular, Ag = (Ag)* & © = ©F;

V) A, and Ag, are disjoint & ©4 N O = {0};

v) Ae, and A@2 are transversal < ©1+05 = H @ H;

vi) As and Ay disjoint (transversal) < © = grB, B € C(H)
B € B(#)). In this case

dom A = ker(y — Bly), BeC(H),

Ollnadaq OD X —
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1.2 Weyl function and ~—field

Definition 3

Let A be a symmetric oper-r in §), A= A* € Exty and H a
Hilbert space, dim H = ny.(A). The op-r valued function

v p(7\~) — B(H, ) is called the ~-field of A, corresponding to
ext-n A, if: _

(1) v(\) isomorphically maps H to DN for all A € p(A);
(i) the identity is valid:

YA = Ueav(€) =1+ (A= QA= X)), A CepA). (2
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1.2 Weyl function and ~—field

Definition 3

Let A be a symmetric oper-r in §, A = A* € Exty and H a
Hilbert space, dim H = ny.(A). The op-r valued function

v : p(A) = B(H, H) is called the y-field of A, corresponding to
ext-n /2\, if: B

(1) v(\) isomorphically maps H to DN for all A € p(A);

(i) the identity is valid:

YA = Ueav(€) =1+ (A= QA= X)), A CepA). (2

Lemma 2

Let M= {#,T,1} be a boundary triplet for the operator A*,
Ap := A* | kerlg. Then:
(/) For each A\ € p(Ap) a direct sum decomposition

dom A* = dom Ag + Ny, A € p(Ao) (3)
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|
(i) The operator valued function

YA = (Mo T9%) 7', A€ p(Ad) (4)

is well defined and holom-c in p(Ag) with values in B(H,9,).
(#if) v(\) is the ~—field of the op. A, corr-ing to extension Ap.
(iv) The following identity holds

YA =T1(A =)', A€ p(A). (5)
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|
(i) The operator valued function

YA = (Mo T9%) 7', A€ p(Ad) (4)

is well defined and holom-c in p(Ag) with values in B(H,9,).
(#if) v(\) is the ~—field of the op. A, corr-ing to extension Ap.
(iv) The following identity holds

YA =T1(A =)', A€ p(A). (5)

Definition 4

Let M= {#,l,M1} be a boundary triplet for A*. The operator
valued function M(-) defined by

M(/\)rof)\ = F1 f)\, f)\ E ‘ﬁ,\, A€ p(Ao), (6)

is called the Weyl function of the operator A, corresponding to
the boundary triplet 1.
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Theorem 1

Let M= {#,Tp,1} be a boundary triplet for the operator A*,
M(-) the corresponding Weyl function. Then:

(i) M(-) is well defined and holomorphic in p(Ap) as an operator
valued function in B(H);

(if) for all A\, ¢ € p(Ap) the following identity is valid

M(X) — M(C)* = (A= O (Q)*v(N), A ¢ep(A)  (7)

(fii) M(-) is R[H]-function and satisfies the condition

0 € p(ImM(X)), reCiucC_. (8)
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Proposition 2

Let M= {#,lp,1} be a boundary triplet for the operator A*,
M(-) the corresponding Weyl function. Then:
(/) The Weyl function M(-) admits an integral representation

M()) = Co +H! (;A _ 1+tt2) dx (1), ()

where Cy = Cp* € B(H) and X(-) = X*(-) is a non-decreasing
operator valued function with values in B(H) satisfying

/(1+t2)—1d2(t) € B(H) and /d(z(t)h, h) = 400, heH\{O}.
R R

(i) If M(-) admits a holomorphic continuation through the
interval (a, 8), then M()) is strictly increasing in («, /), i.e.

M(A1) < M(A2) and 0 € p(M(A2)—M(A1)) for a <A <X < 8.
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The spectrum of the proper extension Ag of the operator A can
be described in terms of the Weyl function and the boundary
relation ©.

Theorem 2

Let M = {#,To,l1} be a boundary triplet for A*, M(-) the
corresponding Weyl function, © € C(H) and X € p(Ap). Then
the following equivalences are true:

A € p(Ae) <= 0 € p(© — M(N)); (11)

A € 0i(Apg) <= 0 € gi(© — M(N)), ie{p,cr}; (12)

At the same time we have the equalities

ker(Ae — A) = v(A) ker(© — M(X)). (13)
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Proposition 3

Let M= {#,lo,T1} and M = {#,To,T1} be the boundary
triplets for A*, which are related by J-unitary operator
X = (Xjk)jz,k:1 € B(H ® H). Then the Weyl functions M(z) and

M(z), corresponding to the boundary triplets N and M are

related as
M(z) = (X11M(2) + X12)(Xot M(2) + Xa2) ", (14)

In particular, if | kerTo = kery = dom (Ap) and boundary
triplets I and I are related by

To=2Z "o,  Ty=2"(1+Ko), (15)
then the Weyl functions M(-) and /\77() are related by
M(z) = Z*M(2)Z + K (16)

where K = K* € B(H), Z € B(#) is boundedly invertible.
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Theorem 3

Suppose that M = {#H, Ty, } and n= {ﬁ,FOLﬁ} are two
boundary triplets for A*, V' — isometry from H to H and

V =V @ V. Then there exists bounded Jy-unitary operator
X = (Xi,j),?j:1 in H @® H, such that

X141 X12> (I’1> VT
= bL I 17
<X21 X2 ) \IlNo Vi, (17)

Mark Malamud Boundary triplets and Weyl functions



1.3 Example 1. First-order differentiation operator on a

finite interval

Let P = Pyjn and Pmax be the minimal and maximal operators,
generated in L2(0,1) by the dif-al expression D := —ig d . Then:

dom P = H1[0,1] = {f € H'[0,1] : £(0) = f(1) = 0}.

Moreover, Pmax = P* and dom P* = H'[0, 1]. From the equation
(P* — z)f =0, we find the defect subspace of the operator P:

N, = ker(P* — z) = span {€%}, zeC,

hence, the deficiency indices of P are ny(P) = 1.
The boundary triplet I = {#, g, 1} of the operator P* can be
chosen as

V2rof = f(0) + f(1), V2ryf =i(f(0) — f(1)), H =C. (18)
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Let f, = €2, we find

Fofy = V2e%/2cos(z/2), T1f, = V2€#/?sin(z/2),
hence, the corresponding Weyl function M(-) is

M(z) =T1(Fo | M)~ ' =tg(z/2), zeC,UC._.

Clearly, M(-) is a meromorphic function. Let P; = P* | ker[},
j € {0,1}, we see that the singularities M(-) coincide with the
spectrum of the operator Py, o(Pp) = {m + 27wk}, ,, and zeros
coincide with the spectrum of the operator Py, o(Py) = {2wk} ;.
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Example 2. Differentiation operator on the line.

Let P be the direct sum of minimal operators associated with the

differential expression D := —i dix on the half-lines,

dom P = {f € H'(R) : f(0) = 0} = HJ(R_) ® H}(R,).
It is easily seen that the operator P can be represented as

P=P_ &P, (19)

where Py = Pyqin 1 f — fi% are the minimal operators in
[2(R.). Moreover, Pnax = P*. It’s clear that P* = P* @ P} and

dom P* = H'(R_) @ H'(R.). We find the defect subspace of P
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Ny, = ker(P* — z) = span{e®xg, (x)}, ze€C..
It is easy to see that (n_(P-),n(P-)) = (1,0) and (n_(P+), ny(P4)) =
(0,1). Therefore, by (19) ny.(P) = 1.
The boundary triplet I = {#, g, 1} of the operator P* can be
chosen in the form

V2rof := f(+0) + f(=0), V2I¢f :=i(f(+0) — f(—0)). (20)

Let f, = €®xg, (X), z € Cy, then the corresponding Weyl
function M(-) has the form

i7 Z€C+,

21
—i, zeC_. (21)

M(z)=T1(To [M,)"' = {
Hence the spectral function opy(t) is determined by applying the
Stieltjes inversion formula:
t t t

aM(t):1/ImM(x—|—i0)dx:1/Imidx:71r/dx:t.
0

s s s

0 0
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Example 3. Sturm—Liouville operator on a finite interval.

Let A := Anin and Amax be the minimal and maximal operators,
respectively, generated in L?(0,1) by the dif. expression A =
—:—; + g with a real potential g = g € L2(0,1). In this case

Amax = A* and dom A* = H?[0, 1], (22)
and

dom A = H2[0,1] = {f € H?[0,1] : £(0) = f(1) = F(0) = f(1) = 0}.

(23)
Since g = @, the operator A is symmetric. Let ¢(-, 2), s(-, z) be
the solutions of eq-on Af = zf satisfying the initial cond-s

s(0,z) = ¢/(0,2) =0, J(0,2)=c(0,z) =1. (24)

Then the defect subspace M is N, = span{c(-, z), (-, z) }. Hence,
ni(A) =2.
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The set M = {H, g, 1} with

H—C2 T[of= <;§?§> Myf— (f;ﬁ%) (25)

forms a boundary triplet for the operator A*.
The corresponding Weyl function M(-) and ~-field are given by

B 1 c(1,2) -1
M(z) = " 5(1,2) ( -1 §(1,2) ) ' (26)
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Example 4. Sturm—Liouville operator on the semiaxis

Let A := Anin and Amax be the minimal and maximal operators
generated in L?(R ) by the differential expression A = -3z ta
with a potential g = q € L%C(R+). Using the embedding theorem,
one proves the inclusions

domA C {f € H3,(R,): f(0) = f'(0) = 0} and dom Amax C H2s(R+)
and equality Amax = A*. If g = g € L>°(R;.), then
domA=H5(R,) and  domAma = H*(R,).

Now let the potential g € L2 (R4) be semibounded from below.
In that case ny(A) = 1 (the limit point case at infinity). Hence
limp_so0 F(b) = limp_o f'(b) = 0 for any f € dom Amax and the

Green’s formula for the operator A* takes the form

[aneogiac - [ f)TAgIxax = -If.glo
a 0

where [f, g]x :== f(x)g'(x) — F/(x)g(x).
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Therefore, the boundary triplet M = {#, 3, [7°} for the operator
A* can be chosen in the form

H=C, [Pf=F£0), rf=7r(0). (28)

Let Uy, Us € dom A* be smooth functions with compact support
in [0, b], b < 0o, and satisfying the conditions

ui(0) =1, w(0)=0, uj(0) =0, us(0)=1. (29)
Then [f, U1]oo = [f, U2]oo = 0 and
f(0) =[f, wolo, £'(0) = —[f, un]o.

Therefore, the mapping ' = {Ig°,I{°} : domA* — C x C is
surjective.
Let ¢(x,z), s(x,Zz) be the solutions of the equation A[f] = Zzf,
satisfying
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Since Ny (A) = 1, for each z € C\R there exists the unique (Weyl)
coefficient m(z), such that

f,(x) == c(x,2) + m(2)s(x, z) € L3(R,).
The function f;(-) is called the Weyl solution of equation ¢[f] —
zf = 0. Clearly, I'5°f; = 1, I'{°f; = m(z), and the Weyl function
Ms(-) corresponding to the boundary triplet (28) is
Mso(2) = (TR)(T5f) ™" = m(2).

Thus, it coincides with the classical Weyl coefficient m(-).
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Example 5. Ordinary dif. op-s of order 2n on a finite

interval

Let A := Amin be the min. op-r generated in L2(0, 1)) by dif. exp-n

n
(AM ) =D (=1 (- () ()P 4 pr(x)f(x),
k=1
where py 1 ,P1, - - -, Pnis areal, measurable and summable functions

on (0, 1). Then the operator A has deficiency indices (2n,2n). Let
the quasi-derivatives flKl be defined by the equalities

f(x) =R (x), ke{o,....,n—=1},  Al(x) = po(x)FM(x),
TRl (x) = pre(x)F79) (x) — (;if[”*k_”(x), ke{t,....,n}.
The domain of the operator Amax =: A* is
dom A* = {f € [2(0,1) : A[f] € L?(0,1)},

and the domain of the minimal operator A is given as follows
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dom A = {f € dom A* : fK(0) = FKl(1) = 0, k € {0,1,...,2n—1}}.
For any pair of func. f, g € dom A* the Lagrange identity holds:

AUG(x) — FAIGI) = S 1F, gl (30)

gl S (#1008 H0) - 7 H0gh(x) . (a1
The totalitgzlil = {C?",Ty,T1} where

w=(am) - (5)

o= (f,...,f(”‘”)T, 7= (fl2"—11,...,f["1)T,

forms a boundary triplet for A*.
The corresponding Weyl function M(z) is

M(z) = Yi(2)(Yo(2)) "', Yj(2) =Tj(V(t.2)), je€{0.1},
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where V(t,2) = (v4(t, 2), ..., Van(t,2)) T is a fundamental system
of matrix solutions of equation A[f] = zf satisfying the initial

conditions V/-[kfﬂ =0, j,€{1,...,2n}.
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Krein formula for the resolvents

Theorem 4
Let M = {#,T,M1} be a boundary triplet for A*, M(-) the
corresponding Weyl function, © € C(H), and Ag the

corresponding proper extension of the operator A. Then:
(/) The formula

dom (Ag) = {f e dom A" :Tfe€©}, ©:=T(domAg) (34)

establish a bijective correspondence between the set of all
proper extensions Ag of the operator A and the set of closed

linear relations © € C(H) \ {0};

(ii) for each © € C(H), such that p(Ag) # 0, the following Krein
type formula holds

(Ao—2)"" = (A—2) '+(2)(0-M(2)) '1(2)", ze€ P(Ao)(ﬂpgAe);
35
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(iif) equality (35) establish a second bijective correspondence
between the set of proper extensions Ag of the operator A, for
which p(A@) 7& (), and the set of closed linear relations © in

Corollary 1

If the linear relation © is a graph of the operator B € C(H),
then formula (35) has the form

(Ag—2)"" = (Ao~ 2)" +7(2)(B- M(2)4(2)"  (36)

and for each g € $ vector-function f = (Ag — z)"'g is a
solution of the boundary value problem

(A*—2z)f =g, T[1f=Blof, zec p(Ag). (37)
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Let &($) be a two-sided ideal in the algebra B($)).

Theorem 5 (On resolvent comparability)

Let M = {#,To,1} be the boundary triplet for the operator A*,
©1,02 € C(H), z € p(As,) N p(As,) N p(Ap). Then for every
symmetric normed ideal & in C(#) and for each

¢ € p(©1) N p(©2) the following equivalence is valid:

(Ao, ~2)"'—(Ae,~2) " €6(5) = (01-()"'=(82—() ' € B(H).
(38)

|
Emphasize, that all objects in formula (35) are expressed by
means of boundary mappings 'y and 'y, and alongside (34) it
gives the second parameterization of the set Exts. This fact
makes formula (35) a power tool in the theory and applications
of the boundary triplets’ technique to different analytical
problems, in particular, to boundary value problems.
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Thank you for your attention!
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