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2.1 The quadratic forms

Theorem 1. (The first representation theorem)

Let t be a closed densely defined lower semibounded quadratic
form in $ (t > ~y). Then there exists an operator T = T* > ~,
such that:

(/) dom T C domt and

tiu,v]=(Tu,v), ue domT, ve&domt (1)

(if) dom T is a core of the form t;
(iii) If u € domt, w € $ and

tlu, v] = (w, V) (2)

is valid for all v belonging to the core of the form t, then
ue domT and Tu = w.
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Definition 2

Let A be a non-negative symmetric operator in £).
Let us equip the domain dom A with the norm

IF1Z = [1F][% + (AF, 7). (3)

and denote by D[A] the Hilbert space obtained after completion.
This space is called the energy space of the operator A.

Since the form given by (3) is closable (Firedrichs’ lemma), the
space D[A] is (continuously) embedded in $).
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Definition 3

A self-adjoint oper-r associated with the closure a of the form o/,

d'[u] = (Au,u), U € domA, (4)

is called the Friedrichs extension of the operator A and is R
denoted by Af. It follows that the lower bounds of A and Af
coincide. It is known that doma = dom (Af)?/2

Mark Malamud Theory of extensions of non-negative operators



Theorem 4 (Krein M.G.)

Let A be a closed semibounded symmetric operator in §). Then:
(i) DIA] = DiA¢]:

(i) dom Ar = dom A* N DI[A];

(iii) 1f A € Exta(0, 00) and @ is the form, associated with the
operator A, then a C & and, in particular, D[A;:] C D[A]

(iv) If A € Exta(0,00) and dom A C D[A], then A = AF.
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2.2 Comparison of semibounded forms

Definition 5
Let a4 and as be closed semibounded forms and let Ay, A be

the selfadjoint oper-s associated with aq and as, resp.. Then:
(1) a1 > ag if

domay Cdoma, and aq[u] > agu], u € domay;

(Il) A1 > Ag, if a4 = ao.
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Definition 5
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(Il) A1 > Ag, if a4 = ao.

Theorem 6 (Krein M.G.)

The set Ext4(0, 00) of all nonnegative self-adjoint ext-s of A,
contains the maximal Ar and minimal Ak extensions, i.e.

Ak <A<Ar, AcExty0,00) <= (5)

(Ar+x)"1 < (A+x)"" < (Ak+x)"",  x € (0,00), A € Exta(0, c0)
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|
The operator AFf coincides with the Friedrichs extension. The
extension Ak is called the Krein extension.
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2.3 The theory of extensions of nonnegative operators

Theorem 7

Let A be a densely defined nonnegative symmetric operator in )
and let N = {H,lo,M1} be a boundary triplet for A* such that
Ao(= A* [ kerlp) > 0. Let also M(+) be the corresponding Weyl
function. Then Ag = :Z\K (Ag = Z\F) if and only if

lm(M(0f, ) = +o0, & H\ {0}

(lim (M(x)f,f) = —co, feH)\ {0}).

X}—o0
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Theorem 8, [3

Let A be a densely defined nonnegative symmetric operator in £)
and let M = {#,l,1} be a boundary triplet for A* such that
Ao(= A* [ kerTp) > 0. Let also M(+) be the corresponding Weyl
function. Then:
(/) There exist strong resolvent limits

M(0) := s—R—lim M(x), M(—0) := s—R— lim M(x). (6)

x10 X}—o0o

(if) M(0) and M(—o0) are self-adjoint linear relations in H
associated with the semibounded below (above) quadratic forms

tlf] = Im(MOOT 1) = B, taclf] = fim (MOF, 1) < al 2

dom (to) = {f € H : I)m |((M(x)f, f)| < oo} = dom ((M(0)op — 8)'/2),

dom (t_oo) = {f € H : (M(x)f, )] < oo} = dom (o — M(—0)op )"/?).

lim |
X,—o0
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Theorem 8, [3

Moreover,

dom (Ak) = {f € dom (A*) : {Iof,[1f} € M(0)},
dom (Afr) = {f € dom (A") : {lof,T1f} € M(—o0)}.

(iii) Extensions Ag and Ak are disjoint (Ag and Af are disjoint)
if and only if

M(0) € C(H) (M(—o0) € C(H), respectively).
Moreover, in this case

dom (Ak) = dom (A*) | ker(l'y — M(0)lp)
(dom (Af) = dom (A*) | ker(lF'y — M(—o0)lg), respectively).
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Let A be a closed densely defined nonnegative symmetric
operator in $, A > mal >0, and let M = {H,To,T1} be a
boundary triplet for A* such that Ag = 2\/:. Let also © is
semibounded self-adjoint linear relations in 4 and a < 0. Then:
(i) Ap > a, <= © — M(a) > 0;

(il) Ae = 0 <= to — ty0) = 0. In particular,

domtg C dom tM(O)'

(i) The total multiplicities of the negative spectra of Ag and
© — M(0) coincide:

H_(A@) = dimran(EAe(R_)) = H_(f@ — tM(O))- (7)

(iv) If my > 0, then Ag is positive definite if and only if © is;
(v)For any p € (0, oc], the following equivalence holds:

E@_M(a)(Rf)(@ = M(a)) € 6p <~ EAe(—OO, a)A@ S Gp.

For a = 0 the equivalence is replaced by the implication = .
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(vi) For every ~ € (0, 00) the following equivalence holds
A(Ae) =j(a+0(1)) <= X(6(0)) =/ (b+ o(1))
as Jf — oo. Moreover, either ab# 0 or a= b = 0.

|
Here to and ty) denote the closed quadratic forms associated
with the relations © and M(0), respectively, in accordance with
the first representation theorem.

Corollary 10

Assume the conditions of Theorem 9. If dom© C dom (M(0)), in
particular, if M(0) € B(#), then the equivalence holds

Ao >0 < © — M(0) > 0.
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Matrix Sturm-Liouville operator

Let A := Amin — be the minimal operator, generated in
L2 (Ry,C™) by the differential expression
A=-2 1 QKx), Q=Qcl?(R,,C™M). Then

dx?
Amax = A*. Moreover,

dom (Amin) = HZ (R,C™), dom (Amax) = H? (R,C™). (8)

The closure ta, of the quadratic form t 4, is given by

taslf] = /OOO (17O + QEIF(x))* dx+BIf(0),  domta = Hj (Ry,C™),
9)
where dom Ag = {f € dom A* : f/(0) = Bf(0)}. ', is given by
Gl = [ 17001+ QN7 o+ MO)IFOR. (10

If Q=0, then k_(Aa,;) = k—(B—M(0)) = x_(B)
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2.4 Direct sums of boundary triplets (see [5], [6], [7])

Let S, be a densely defined symmetric operator in a Hilbert
space $)p with n(Sp) = n_(Sp) < oo, n € N. Consider the
operator A:= @7, Sy acting in  := @, Hn. Clearly,

A" =@ Sp

Let H := @, Hn be a Hilbert direct sum of Hp. Define
mappings g and 'y by setting I'; := @7, Fj(-n).

We assume that the operator A= @7 ; Sy has a regular real
point, i.e., there exists an € > 0 such that

(a—e,a+e) CNpZ1p(Sn). (11)

Mark Malamud Theory of extensions of non-negative operators



Theorem 11

Let {Sp}2 ¢ be a sequence of symmetric operators satisfying
(11). Let also My = {Hn, F(()n), an)} be a boundary triplet for S,
such that (a—¢e,a+¢) C p(Sno), and let Mp(-) be the
corresponding Weyl function. Then:

() N =&, Ny forms a B-generalized boundary triplet for
A" =@, S;, if and only if

Cs :=sup|[Mp(a)|l3, < oo and C4 := sup||M,(a)|3, < oo,
neN neN

(12)
where M} (a) := (dM(2)/dz)|z=a-
(if) N = ;24 Ny is an ordinary boundary triplet for
A* = @,. 1S, if and only if, in addition to (12), the following
condition is satisfied:

Cs := sup [|(M4(@)) " [, < oo (13)
neN
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Corollary 11

Let {Sp}52 4 be a sequence of sym. operators satisfying (11). Let
also M, = {Hn,an),an)} be a boundary triplet for S} such that
(a—c,a+¢) C p(Sn), Sno = S [ ker(TY), and My(-) the

corresp. Weyl function. Assume also that for some operators Rp
such that Ry, R, ' € [#n], the following conditions are satisfied:

sup | A, ' (M(@))(R ') le, < 00 and

- (14)
sup || R;(M,(a)) ' Rnl|n, < 00, neN.
n
Then the direct sum M = @72 ; M, of boundary triplets
My = {Hn, T, TV} with {7 = RrY, -

M = (R, ") (T = Mu(a)r "),

forms a boundary triplet for A* = @72 ; S
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