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Spectral analysis of the GS-operators Dx ,(Q) and Dx 3(Q)
consists (at least partially) of the following problems:

(a) Finding of self-adjointness criteria for Dx ,,(Q) and
Dx 5(Q).

(b) Discreteness of the spectra of the operators Dx ,(Q) and
Dx 5(Q).

(c) Characterization of continuous, absolutely continuous, and
singular parts of the spectra of the operators Dy ,,(Q) and
Dx 5(Q).

(d) Resolvent comparability of the operators Dy ) (Q) and
Dy . (Q) with (') 3£ o(? i.e. finding conditions for the
inclusion (Dy ) (Q) — /)™ = (Dx ,@(Q) — )" € &p(9),
to be valid, where G,($)) denotes the Neumann-Schatten
ideal.
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1-D Dirac operators with point interactions

We consider the Dirac differential expression

. d 0 1 c? 1 0
— NC . _ =
D=D°:= chx®(1 O>+2®(0 1 )_

(1)
acting on C?-valued functions of a real variable. Here
0 1 0 —i 1 0
01_(10>7 02_<i 0)7 03_<0_1>7(2)

are the Pauli matrices in C? and ¢ > 0 denotes the velocity of
light. We set

k(z):=c '\/z2 - (c2/2)?, zecC, 3)

where the branch of the multifunction /- is selected such that

k(x) > 0 for x > c?/2. ltis easily seen that k(-) is holomorphic
in C with two cuts along the half-lines (—oco, —c?/2] and
[¢?/2,00) and k(Z) = —k(2).
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Let o := {an}2y CRU {400} and 8 := {Bn}52 C RU {+o0}.
Let X = {xp}> ; be a discrete subset of the interval Z = (a, b),
Xn_1 < Xn, N € N, with the accumulative point b. Assuming that
—oo < a< b < +ooand /=N, define the op-s Dx , and Dx
(realizations of D) to be the closures of the op-s D?m = D and

D ; = D, being restrictions of D to the domains

dom(D...) ={f € Wighp(T\X) @ C2 : fy € ACec(T), o € ACiclT\X);
i
b(at) =0, h(xpt)—h(xn—) = —%ﬁ (xn), e N},
(4)
dom(D§ 5) :{f € Wigap(Z\X) © C2 : f € ACioe(Z\X), fo € ACinc(Z);

f2(3+) = 07 f1 (Xn+) - f1 (Xn_) = i/BHCfZ(Xn)a ne N},
)

respectively, i.e. Dx o, = Dy, and Dx 3 = DY ;.

Mark Malamud 1D-Dirac operators with point interactions



Boundary triplets for the operator Dy

To treat realizations Dy , and Dy g in the framework of
extensions theory we introduce the minimal operators D,
generated in L?[x,_1, X,] ® C? by the expression (1),

Dy = D | dom(D,), dom(Dn) = W, ?[x, 1, %] ® C2.  (6)

We also put dj, := X, — x,_1 > 0.
The triplet N(M = {(Cz,Fg"),Fg”)}, where

F(()n)f:: < f1(Xn—1+) ) : an)f;: ( inZ(Xn—1+) ) , (7)

ich(x,—) fi(Xn—)

forms a boundary triplet for Dj,.

To treat the operators Dx , and Dy g as extensions of the
minimal operator Dx := ;- ; D, we construct a boundary
triplet for the operator D}, := @7 ; D;,.

Mark Malamud 1D-Dirac operators with point interactions



Let X = {xp}>° ; be as above and d*(X) < +oo. Define the
mapplngs
) W'2[xo_1, X, ] ®C2 5 C2, neN, je{0,1},
by setting
r(n)f._ d1/2f1(Xn 1+) 8)
0T ied2 T+ Za ) )
- icdy, "2 (B(Xn_14) — h(xa—))
Mf = _3/2 1 \~1/2 . .
d; (1 + Czds) (£ (Xn—) — fi(Xn_14) — i C dn fo(X0—))
(9)
Then:

() N = {c2,r{" M is a boundary triplet for D}, n € N.
(if) The direct sum M := @7° , MM = {H, Ty, T} with
H=FP(N,C?) and T; = @n:1 j(.”),/ € {0,1}, is a boundary
triplet for the operator Dy = @, Dj.
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Connection with Jacobi matrices

Consider the Jacobi matrix

o 4B 0 0 0
1
_ VE;?) _ V(dt?) dfl’/(z‘j;;)/z 0 0
0 I/(d1) [e2% _ l/(dg) 0
Bro = F %
“ 0 0 _MUB) ) _ud) ’
az a2 d23/2d31/2 s
v(d. a
o oo g g
(10)
where ]
v(x) = (11)
1+ 2
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0 —g) 0 0
v(d v2(d v(d
T Bird) 0
v(d, v(d,
e | 0 @ar 0 e
.8 (0h) V2 (ch) ’
0 0 & g (Btk)
0 0 0 )
dg/zd;/z
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Proposition 1 (basic lemma)

Let Dx = @2, D, be the minimal Dirac operator in L?(Z, C?P).
Let also N = {#, Ty, 1} be the boundary triplet for

Dy = @, Dj, constructed in Theorem 1 and let Bx , (Bx ) be
the minimal Jacobi operator associated in /2(N, C?P) with the
matrix (10) ((12)). Then the boundary operator corresponding
to the GS-realization Dy ,, (Dx g) in the triplet 1, is the Jacobi
operator By ., (Bx ), i.e.

Dx?a = DBX,a = D}k( [dom(DBX’a),

dom(Dg, ) = {f € W"*(Z\ X)® C*% : [1f = Bx ol of},
Dx s = Dg, , := Dx | dom(Dg, ,),
dom(Dg, ,) :={f € W"(Z\ X) @ C? : I'1f = Bxslof}.
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Theorem 3

Let o := {an}?y C RU {400} and let Bx , be the minimal
Jacobi operator associated with the Jacobi matrix (10). Then:
(/) n+(Dx o) = n+(Bx o), hence the GS-operator Dy , has
equal deficiency indices and n;(Dx ) =n_(Dx,) < 1.

In particular, Dy ,, is self-adjoint if and only if By , is
Additionally, let DXa = Dy . Then:

(if) The operator Dy , has a discrete spectrum, if and only if
limp—+o dn = 0 and By ,, has discrete spectrum.

(iif) Let @ := {@n}nen(C C2*2), @p = (an)*. Let also By 5 be
Jacobi operator associated in H = 2(N) ® C?*2 with matrix
(10), with « replaced by a. Then the following equi-ce holds

(Dx o—)"'=(Dxa—i)"' € Gp(H) <= (Bx.a—i)"'—(Bxa—i)"" € Gp(H).
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Self-adjointness

Combining Theorem 3(i) with the Carleman test, we obtain the
following result.

Proposition 2

Let Z be an infinite interval, i.e. either Z = Ry or Z = R. Then
the GS-realization Dy, is self-adjoint for any
a={an}?®; CRUx.

Proposition 3

Assume that |Z| < co. Then the GS-realization Dy, in
L2(Z,C?) is selfadjoint provided that

Z V Anlp1 || = +o00. (13)

neN
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Self-adjointness

Example

Let Z := (0, 1) and let the sequence X = {x,}>°, C (0,1) be
given by x, =1—1/2", so that d, = 1/2". Let also a = {ap}{°
be given by a, = (—3)2" + 1, n € N. By Proposition 3, the
GS-operator Dy ,, on L2(0,1) ® C? is selfadjoint since the
series Y 2 an/2" diverges.

On the other hand, it is easily seen that

{dn}i* € P, dn10hi1 = 221 d3

and

Z dn+1

Oén—“

Z 2n+1 — o

dn+ 1
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Discreteness of spectrum

Consider differential expression

D(Q) := D°(Q) := —icci®a1+cz®a3+0(x), Q(x) = Q(x)*,

o} 2
(14)
and denote by Dx(Q) := D§,(Q) the minimal operator
associated on Z \ X with the expression D°(Q). One has
Dx(Q) = D(Q) | dom(Dx(Q)),

dom(Dx(Q)) = Wy * (T\ X.C%) = @ Wy * (Ixn1, xa], C%) .

=1

’ (15)
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Proposition 4

Let X = {xp}°(C Ry), a = {a;}3° C R and let
Q()) = Q*() € L2 (R;) ® C?*2 be strongly subordinated to
D5 .. = D% .(0). Assume also that lim,_, dp = 0 and

laol _ 0 and lim £>—%. (16)

n—oo dp n—o0 (ip

Then the GS-operator D§ (Q) on the half-line R, has discrete
spectrum.
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Continuous spectrum

let Dx (Q) := Dx o + Q be the GS realization of D(Q). If
a = 0= {0}3° is a zero sequence we set Dy(Q) := Dx(Q)
and note that Dy(Q), the Neumann realization of D(Q), is given
by

Dn(Q) = D(Q) | dom(Dn(Q)),
dom(Dn(Q)) = dom(Dy) = {f € W'3(R)®C? : f(xo+) = 0}.
Theorem 4
Assume that Q € L*(R) ® C2*2 Q(x) = Q*(x) for a.e.
x € Ry, and o = {ap}3° C R. Then the following holds
(I) If {an/dn+1}(1x’ S Co(N), then

Uess(DX,a(Q)) = Uess(DN(Q))- (17)

Moreover, if in addition, Q(x) — 0 as x — oo, then

Tess (Dx 0(Q)) = 0ess (Dn(Q)) =R\ (—C?/2, ¢?/2). (18)



I
(if) If {eun/ st }5° € I'(N), then

Uac(DX,a(Q)) = Uac(DN(Q))- (19)
Moreover, if additionally, Q € L'(R,) @ C?*2, then
Uac(DX,a(Q)) = Uac(DN(Q)) = R\ (_02/2v 02/2)‘ (20)

(iii) If condition oac(Dx o) = () is satisfied, then the spectrum of
Dx »(Q) is purely singular, i.e.

Uac(DX,Oc(Q)) = 0. (21)

(iv) Assume in addition that d.(X) > 0. Then the above
assumptions can be replaced by

{an}$® € co(N), {an}® e M(N)  and lim sup |an| = oo,
n—oo

respectively.
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Non-relativistic limit of Gesztesy-Seba operators

Let X = {xp}3°(C R) be a discrete set and a = {«n}3°,
B ={Bn}" CR.

(i) Assume that 7 = R and Hy , is selfadjoint. Then

—1
o m, (05, e+ ) =27 @ (8.
(22)
In particular, (22) holds provided that Hy , is semibounded
below.
(if) Assume that Z = R . Then the operators Dcﬁ, C < oo, and
Hx s are selfadjoint and the following relation holds

s— lim (D)C(,ﬁ —(z+ C2/2))71 = (Hxs-2)"' Q) < :) 8 ) :
(23)
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|
(iii) Assume that |Z| < oo, i.e. Z = (0, b). Assume also that

Z |/8n| V dndn+1 = f00 and Z(dn+1 ‘Z(ﬁi"_di)‘z) = O3g
n=1

n=1 i=1
(24)
Then the relation (23) holds.

Mark Malamud 1D-Dirac operators with point interactions



[§ S. Albeverio, F. Gesztesy, R. Hoegh-Krohn, and H. Holden,
Solvable Models in Quantum Mechanics, 2nd edn. with an
appendix by P. Exner, Amer. Math. Soc., Providence, RI,
2005.

[@ R. Carlone, M. Malamud, and A. Posilicano, On the spectral
theory of Gesztezy—Seba realizations of 1-D Dirac
operators with point interactions on discrete set, J.
Differential Equations 254, 3835-3902 (2013).

[@ A. Kostenko and M. Malamud, 7-D Schrédinger operators
with local point interactions on a discrete set, J. Differential
Equations 249, 253-304 (2010).

Mark Malamud 1D-Dirac operators with point interactions



Thank you!
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